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The paper analyzes a general case of an equation of state, which is an analytical function at the critical 
point of the liquid-vapor first order phase transition of pure substance. It is shown that the equality to zero of the 
first- and second-order partial derivatives of pressure with respect to volume (density) at the critical point is the 
consequence of the thermodynamic conditions of phase equilibrium. We obtained the relations of critical exponents 
and amplitudes with parameters of the analytical equation of state.  It is shown that the substance with the analytical 
equation of state can have critical exponents of lattice gas which is equivalent to the two dimensional Ising model. It 
is shown that the analytical equation of state can take into account the density fluctuations.  
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The equation of state (the dependence of the pressure ),( Tp  on the temperature T and 
the density  )  plays a significant role in the equilibrium thermodynamics of fluids [1-8]. The 
properties of fluids at a critical point of the liquid-vapor first order phase transition are of a great 
interest [1-9]. The large number of equations of state (EOS) used in the chemical engineering is 
an analytical function of temperature and density [1]. Therefore, it is interesting and actual to 
study a general form of the analytical equation of state at a critical point of the liquid-vapor first 
order phase transition of pure (one-component) substance. 
For further convenience in this work, we use, instead of density  , the volume per 
particle (atom or molecule) v , which is defined from relation  /mv  , where m  is the mass of 
one particle.  
      An analytical equation of state at the critical point being the Taylor series [10] is 
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where cT  is the critical temperature,  cv  is the critical volume per particle, ),( ccc vTpp   is the 
critical pressure, and  
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Assume that near critical point the terms KcK TTa )(  , 
M
c
L
cML vvTTb )()(,   and 
N
cN vvс )(   in EOS (1) are the main terms of three corresponding sums, so 
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Consider the liquid-vapor phase equilibrium, so cTT  .  Using EOS (3) and the condition 
of equality [3] of temperatures and pressures of liquid and vapor, coexisting in phase equilibrium 
with each other, we obtain  
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where  )(Tvv LL   and )(Tvv GG   are the volumes per particle in liquid and vapor, coexisting in 
phase equilibrium, respectively.  
The condition of equality of chemical potentials of liquid and vapor coexisting in phase 
equilibrium with each other gives [3] 
 
)(),( LGe
v
v
vvpdvvTp
G
L
 ,                                                                                                         (5) 
 
where 
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is the pressure of liquid and vapor, coexisting in the phase equilibrium. Using (5)-(6), we have 
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Using (3)-(5) and (7), we obtain 
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     Particularly, one can easily see that the conditions of the liquid-vapor phase equilibrium 
(4) and (8) take place if  
 
)( cLcG vvvv  ,                                                                                                                      (9)                                                                                   
 
and  M  and N are odd numbers.       
From (4) one can obtain 
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     Return to the general case. From (4) and (8) we have  
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where )/()( cLcG vvvvx  .  We have 0 cG vv  and 0 cL vv  from physical conditions, so 
0x . One can see graphically or analytically that 1x , corresponding to (9), is the single 
negative root of the equation (11) if M  and N are odd numbers.    
   Later we assume that  M  and N are odd numbers. 
   Using the physical condition  cG vv  when  cTT  and the condition 1L  (see (2)) 
from (10) we have 0MN  and 
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where   and A  are the critical exponent (or index) and critical amplitude of the liquid-vapor 
coexisting line, respectively [3]. 
From the conditions 1M  (see (2)),  M  and N  are odd numbers, and 0MN  we 
have  
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    From (3) we have                            
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for the critical isotherm.  
Using (15) and (16), we have  
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     Note that we have obtained the conditions (17) and (18) from the conditions of the phase 
equilibrium (4) and (8) without using the condition of thermodynamic stability of substance at 
the critical point.  
     Usually, the conditions (17) and (18) are considered as conditions of thermodynamic 
stability of substance at the critical point [2]. 
      Note the condition (17) was obtained in [3] from the condition (4), and the condition (18) 
was obtained from the condition of thermodynamic stability of substance at the critical point [3]. 
      Using  )(),( ccс vvApvTp    [3], for the critical exponent  and critical amplitude 
A  of the critical isotherm we have from (16) the following relations 
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     Usually the pressure p  decreases along with increasing volume v  at the critical isotherm 
[1,3,7,8], so from (16) we have for this case 
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      From (14) and (20) we have  
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We have from (3) 
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      The inequality 0/),(  vvTp   takes place for any v  at cTT  , particularly, for 
MN
cMLN
L
c vvMbNcTT
 )(/ ,  [1,3,7,8]. Therefore, we have from (21) and (22) that L  is 
odd number. 
We have for an isothermal compressibility )(T  from (12) and (22)  
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From (23) we have for the critical exponent   and critical amplitude A  of the 
isothermal compressibility the following relations  
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     One can see that the equality of Widom [11] 
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can be obtained from (13), (19) and (24).   
One can see from (24) that  L  for arbitrary odd numbers 1L  and 3N  , if 1M . 
Particularly, there is the case 1L , 1M , 5N , 5 , 4/1 , and 1 .                                                        
     The simplest case corresponds to 1L , 1M , 3N , 3 , 2/1  and 1 .                                                                       
It corresponds to the Van-der-Waals theory of critical point and general case of mean field 
theory [3,5]. 
     The case 1L , 7M , 15N , 15 , 8/1  and 4/7                                                                
corresponds to the two-dimensional Ising model with the nearest neighbor interactions [3,5] 
which is equivalent to lattice gas [5,6].  
   According to Van der Waals theory of the critical point [3], the Taylor series (1) can be 
used if no fluctuations are taken into account. If it is true, then the lattice gas does not take into 
account the fluctuations. However, according to [3,5,6] the Ising model takes into account the 
fluctuations. So, there is an intrinsic contradiction in the Van der Waals theory of the critical 
point [3]. We have shown that the substance with the equation of state which is analytical at the 
critical point can have critical exponents of lattice gas.   
      Note that the case, when 3/1  exactly, cannot be obtained from the analytical 
equation of state at the critical point because the equality  )(  3
1 LLMN  can never be 
true for odd numbers NML  and  , ,  because L3  is odd number and MN   is even number. But 
if 3/1 , then one can find the values of odd numbers NML  and  , ,  which give the 
approximate quantity of  . For example, for 200/691000/345345.0    we have 
200MN  and 69L . 
            The results presented above were obtained using a general assumption of analyticity of 
the equation of state and without using any theory (model) such as the approximate fluctuation 
theory of the critical point [3]. However, the results obtained in present paper do not contradict 
this theory and other physical models. 
     The volume of the system V  and the total number of particles N in the system are 
constants in the microcanonical and canonical ensembles [4]: constV   and constN  , so the 
density    , which is equal to VmN /  , has the constant value for the microcanonical and 
canonical ensembles. It is evidently that the same is true in the thermodynamic limit V , 
N  and constVN / . So, there are no fluctuations of the density of the system as a whole 
in these ensembles.  If the properties of pure substance at and near critical point are related with 
density fluctuations of the system as a whole, which can take place in the grand canonical 
ensemble [4], then the microcanonical and canonical ensembles are not equivalent to the grand 
canonical one. So, the proof of the equivalence of three ensembles [4] is not valid in this case. 
         This paper considered a general case of the equation of state, which is an analytical 
function at the critical point of the liquid-vapor first order phase transition of pure substance. The 
relations of critical exponents and amplitudes with the parameters of the analytical equation of 
state are obtained.  
We have obtained the following results. It is shown that: 
- the equality to zero of the first- and second-order partial derivatives of pressure with 
respect to volume (density) at the critical point is the consequence of the 
thermodynamic conditions of phase equilibrium; 
- the substance with the analytical equation of state can have critical exponents of lattice 
gas which is equivalent to the two dimensional Ising model; and 
- the analytical equation of state can take into account density fluctuations. 
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